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Abstract

This article proposes an optimal control approach to address the trajectory tracking problem for unmanned surface vessels
(USVs) subjected to external disturbances such as wind, waves, and currents. An optimal control method based on the
Online Adaptive Dynamic Programming (OADP) algorithm is introduced to minimize energy consumption and enhance
the USV's tracking performance. A disturbance observer is employed to estimate and compensate for external disturbances
effectively. The OADP algorithm incorporates a neural network layer, which simplifies the structure and improves
computational efficiency. Stability analysis is conducted using Lyapunov theory, considering weights and tracking errors.
Simulation results demonstrate the effectiveness of the proposed control scheme, showing improvements over sliding mode
control (SMC) and online actor-critic (AC) algorithms in trajectory tracking and cost optimization under various
environmental conditions.
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1. Introduction
Unmanned surface vessels (USV) have gotten the attention of researchers and scientists because of their applications in
transportation, military and climate, environment monitoring [1]. Trajectory tracking is a fundamental problem in control
theory, especially in applications like USVs, because these systems must follow a predefined path accurately while being
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unaffected with disturbances and uncertainties. Several reasons make trajectory tracking a crucial topic in control, such as
autonomous navigation: the USVs often operate in complex environments where they must follow a designated path to
complete tasks such as surveillance, delivery, or search and rescue, and marine surveys require precise movement along a
desired path, which makes this problem always challenging [2]. Numerous algorithm developments have occurred to
control it autonomously, requiring as little human intervention as possible. The model of the USV is often linearized around
the operating point to implement the linear control algorithm such as proportional — integral — derivative (PID) [3] or the
linear quadratic regulator (LQR) [4] however, this approach is not fully reliable because of the error in linearizing,
especially when the reference trajectory represents a curve in the workspace, because the curve trajectory emphasizes the
nonlinearity of the vessel motion. For those reasons, the nonlinear methods are implemented to avoid these drawbacks, one
of the most popular methods is nonlinear Lyapunov - based techniques [5, 6]. However, in these works, the velocity of the
yaw variable is required to be nonzero; under this restriction, straight trajectories cannot be guaranteed. Also, the drag force
model, the rigid body resistance as it moves through the water is assumed to be a linear function concerning the velocity in
all three DOF motions, meaning that the results are valid if only the vessel moves at low speed. The article [7] solves this
restrictive assumption. One of the famous variations of Lyapunov’s method is Lyapunov-based backstepping for an output
feedback tracking control [8]. The sliding mode controller also becomes the mainstream solution for the model
uncertainties thanks to the insensitivity [9].

Nevertheless, all of these controllers only focus on bringing the state error to zero, not taking into account the energy
expended by the actuator or the value of the control signal. To tackle this problem, the model predictive control is derived
as an optimal controller to minimize both state errors and the control input in a finite step of time [10]. An approach that
can minimize the cost function of in overall time is the dynamic programming of Richard Bellman [11]. From a
mathematical perspective, solving the optimal control problem relies on finding a solution to the Hamilton—Jacobi—Bellman
(HJB) equation. However, due to the equation's strong nonlinearity, only certain solutions have been obtained. As a result,
significant efforts have been made to develop algorithms that provide approximate solutions to this equation. Based on that
idea, the reinforcement learning algorithm is provided, in which the cost function and optimal control input are
approximated by neural networks [12].

Besides the optimization problem, the robustness with disturbances is also a challenge that is still being researched,
because in practice, the appearance of disturbances affecting the USV is inevitable, such as the friction of the water, or the
flow of the wind, etc. A popular approach to rejecting the influence of the disturbances is build a disturbance observer to
estimate and then compensate the disturbances in the control input using a feedforward controller or indirectly suppress the
impact of the disturbances through controller [13]. Another way to approach is to apply control techniques such as
Lyapunov theory [14] H” e norm minimization [15], or integral sliding mode controller[16, 17]. In literature, disturbances
are often divided into lumped disturbances [18] input disturbances [19, 20] and matched and unmatched disturbances [21,
22]. Between those types of disturbances, unmatched ones are commonly the hardest to estimate. Several disturbance
estimators are introduced to observe and approximate these kinds of disturbances [23, 24]. In Trinh, et al. [25] a nonlinear
disturbance observer is used to estimate the low-varying disturbances, the restriction of this observer is that the first
disturbance is required to be approximately zero, which makes it impractical when applied to a real-life environment.
Furthermore, certain disturbance observers require knowledge of all first derivatives of the system’s states to estimate
disturbances, necessitating additional sensors or more complex computations. Additionally, these observers were primarily
developed for nonlinear autonomous systems. Lastly, for these observers to estimate disturbances effectively or for
controllers to handle them, the disturbance and its first and higher-order derivatives must be bounded [26].

In this article, the robust optimal control based on online adaptive dynamic programming [12] is used with just one
neural network to show the efficient computation and energy over the conventional 2-layered method, also, a disturbance
observer is proposed to avoid the impact of the external and unknown disturbances without boundness requirement.

The rest of the paper is structured as follows: Section 2 introduces the mathematical model of the USV, in Section 3,
the control design and disturbance estimation are given, and numerical simulation results are provided in Section 4. Finally,
Section 5 concludes and outlines directions for future works.

2. USV Model
In this section, the model of each surface vehicle is established with 3 degrees of freedom while neglecting motion in
the roll, heave and pitch axes [27]. The kinematic model is provided as follows:

n=Jmv M)

With
cosy —siny 0
Jm) = [sinl/) cos 0] (2)
0 0 1

where = [x,y,¥]T € R3 denotes the position and orientation of USV in the intertial reference frame. ¥ = [u, v,7]T € R?
denotes the velocity of USV in the body-fixed frame. J(n) denotes the rotation matrix.

The dynamic model is presented by the following equation, assuming the vector of gravitation and buoyancy is equal
to zero:

Mv+C@)9+DM®)Y =1+ 14 3
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With

M= 0 m-Y, mx;—Y; (4)

0 mxg - N,', [Z - N.,'-

0 0 —M,,v — My

C(w) = [ 0 0 Miu l (5)

M,,v + Myt —Myqu 0

dy, O 0
D) = [ 0 dyp dzsl (6)
0 d32 d33
where dll = _Xu _qulul - quuuzvdzz = _Yv - valvl - Yrvlrll d23 = _YT - Yvrlvl - yrr|r|:d32 = _Nv -

Nyy|v| = Npylrl, d33 = =N, — Ny |v| — Nppo|r|. mand I, are the mass and the moment of inertia of USV. x, is the
distance from geometric center to the center of mass of the USV.

Xy, Yo, Vi, Ny, Niey Xoy X Xuwr You Youo Yors Yoy Yoy Yo N Nyyiey Ny, Ny, Ny, N, are hydrodynamic parameters of
USV. 7 =[14,7,73]7 € R® denotes the surge force, sway force and yaw moment that control the USV. 1, =
[T41,Taz2, TazlT € R3, represents the external and unknown disturbances acting on the USV. M € R3*3,C(¥9) €
R3*3, D(9¥) € R3*3 denote the intertia matrix including added mass, the Coriolis and centripetal matrix, and the
hydrodynamic damping matrix.

Property 1. M is positive, that is z"TMz > 0,vz € {R3|z # [0,0,0]”}

Property 2. C(¥9) is skew-symmetric, that is C(9) = CT(9) and zTC(9)z = 0,Vz € R3

Property 3. D(19) is positive, that is z"D(9)z = (%) z"(DT () + D(9))z > 0,Vz € {R3|z # [0,0,0]"}

Property 4. J(n) is non-singular, satisfying J=*(n) = J" ()

To track the reference trajectory in the earth-fixed frame and establish the sliding variable, the dynamic model needs to
be transformed with respect to the variable 77 . From kinematic model (2) and Property 4, having:

9 =] @
Take the time derivative of both sides of (7):
T
6 = ey + 2L, ®
Define
aIT —siny  cosyp 0]
S(m,n) = ]ain) = [—cosw —siny 0] Y
0 0 0

Eq. (8) becomes:

9 = JT ()i + S, 07 9)
Substituting Eq. (9) into Eq. (3):
MU i+ SO, M) + C@O)JT(n + D))" =7 + 14 (10)
Simplify that:
M, () = MJ" (1) (11)
C,(n,9) = MS(n,7%) + CW)J" () + D))" () (12)
The dynamic model can be rewritten:
M, ()i + C;(n,9)n + Dy, 9)n =1+ 14 (13)
The sliding variable s is defined as:
s=¢é+ e (14)

where A € R3*3 is a diagonal positive matrix, e = n, — 1 is the tracking error in the inertial reference frame, n, =
[x4, ¥4, ¥4]" denotes the desired trajectory that the USV needs to track.
From (14), 7j and 7 can be written as:

Nn=1g+Ae—s (15)
ij =g+ 46— (16)
Substituting Egs. (15)-(16) into Eq. (13):
M, () (Jiq + Aé —35) + C,;(n,9) (g + de —s) =T+ 14 @an

We have the dynamic equation with respect to s as follows:
$ = =M C,(n,9)s — Myt (T +ig + Aé + My ) Cy(n,9) (g + Ae) — My (mTy  (18)
Define

ge = —My () (19)

ga =My () (20)

f(S) = —Mﬁl(n)cn(ﬂ:ﬁ)s (21)

F =ijq + Aé + My () C,y (0, 9) (g + Ae) (22)

The control-affine model can be written as the following:
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S=f(s)+g,T+F+gutq (23)
3. Optimal Control Design for USV

Because of unmatched disturbances, the proposed controller has two parts: optimal control signal and disturbance
compensation signal. The block diagram of control model is shown in Figure 1.

| eoEnEn ag "
v
Y
Actor To ,| Controller |7 ._X_ Tsar J  USV model
(42) 49) 0.3 9
14 T4
i
Discrete
Disturbance [*
Observer <
(48)

Figure 1.
Diagram of the proposed scheme.

3.1. Optimal Control Design
Assume the disturbance t, = [0 0 0]7 and omit the component F the control-affine model (23) becomes:
$=f(s)+g.7 (24)
Assumption 1. f(s) is Lipschitz continuous on the set Q € R3, containing the origin, and there exits a continuous
control function t(t) € U such that the closed-loop system is asymptotically on Q.
Define the optimal cost index:

Vi(s) = rrnelglf r (S(l)‘[(x(l))) du (25)
t
. . < 3x3 . . .
with cost function r(s,7)=s"Qs+z' Rz, where Q R*3, ReR™ are symmetric positive matrices.
Define the optimal Hamiltonian function:

ovn" ;
H(s,T,V") = (E) S+s'Qs+ 1Rt (26)
The optimal control signal is calculated by the following:
" = arg min H(s, 7, V") (27)
TEU
Solve the Equation 27, the optimal control signal is written:
1 av*
T =—oRTgr—— (28)
Substituting (24), (28) into (26), the optimal Hamiltonian function becomes:
1
sTOs + () = W geR T gr e = 0 (29)

V*(s) is called the HIB solution. However, finding the solution V*(s) from the nonlinear differential equation is
impossible. Therefore, V*(s) is approximated by a neural network:
V*(s) = WTd(s) + e(s) (30)
where W € R™ denotes the weight component of the neural network, ®(s) € R™ denotes the activation function,
composed by basic functions of s. e(s) denotes the error in approximating the optimal cost index using the neural network.
Substituting Equation 30 into Hamiltonian function:
H(s, T, W) = WTd(f(s) + g,7) +sTQs + TRt — €5, = 0 (31)
where ®; = 0®/ ds € R™3, ey = —e(s)(f(s) + g,T)
Substituting Eqg. (30) into Eq. (29):

1
sTQs + WTd(s)f (s) — ZQDSTWGWT(I)S +eyp =0 (32)
where G =g,R™"g/ and
1 1
€ujp = s f(s) _E(DEWGES _ZfsTGfs (33)

Transform ey p:

T 17 T 1.
€ngp = € f(5) —E(QDSWG + €5 G)e, +Zes Ge,
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1 1
= €I (5) = 5 (@TW + g R gle, + 7€l Ge,

1
= E;r(f(s) + gTT*) + 165665 (34)
According to Weierstrass approximation theorem, when n — o, €,;,5 converges to 0.
However, due to the limitation of the practical computation, the number of elements of the activation function is finite,
therefore the optimal cost index is approximated:
V(s) = WTd(s) (35)

with W € R" is the estimated weight component.

Define €, as the error of Hamiltonian function caused by the neural network. Hamiltonian function becomes:
H(s,7,V;") = WTd(f(s) + g,7) + s"Qs + TRt = ¢, (36)

Define weight error:

W=w"-Ww (37
Substituting Equation 37 into Equation 31:
€ = _Wq)s(f(s) + gTT) + €y (38)

To ensure €; - €y, W — W, thus minimizing E = €?/2 is required to adjust the parameter . The update law for the
weight W can be:

W= {]?C if sT(f(s) + g,7) <0 (39)
W.+ Wgrp  contrast
where
= o S

W, =—-a; W(UTW + STQS + TTRT) (40)
W = 2 a,®;9.R7'g7s (41)

with & = &,(f(s) + g.7), a; > 0 a, > 0 are update rate coefficients.

The optimal control signal is calculated:
1 .

Ty = —ER'lgTTWT(DS (42)

3.2. Discrete Disturbance Observer

In this subsection, the disturbance estimator is designed as Skjetne, et al. [28] to estimate the unknown
disturbance .
From dynamic model (3), we have:

, 1 _
9=-M1(CH) +D®))I+Mt+ M ryr, = —ER‘ngWTQDS (43)
Defined = —M~*(C(9) + D(¥)),B = M~1,G = M~,d = t4. Then the dynamic equation becomes:
9=A9+Bt+Gd (44)

Assumption 2. rank(G) =3V 9,t
In the discrete domain, the derivative operator can be approximated by the Euler formula:
U1 = U + Ar (45)
with A, as the sample time, 9, as the velocity of the USV at time Ty,.
Then, the discrete-time dynamic equation can be written:
D1 = OOk = ApOi_q + BY oy + GRdy + Dp 9 (46)
where d;, = d(T}), I; € R3*3 is the identity matrix and:
A} = I3 + ArA¥y-1, Tie)
BY = ArB(Ok-1,Ti) (47)
G{ = ArG (-1, T)
The discrete disturbance observer is designed as the following:
Zk = Ajzi + BR Ty
hie = Oy — 2 — A1 + Afzy4 (48)
- T -1 T
di = ((Glf) GE) (GI?) hy
where AZ = I + A;A(z_1, Ty), d denotes the component that estimates the disturbance 7.
Finally, the overall control signal is modified as:
T=1,—9g7'ga(F +d) (49)
3.3. Stability Analysis
Theorem 1. For the system described in Equation 23 if the controller is implemented as defined in Equation 49 and the

update laws follow Equation 40 and Equation 41 the proposed RL-based update policies will ensure that both the weight
errors and the tracking errors remain ultimately uniformly bounded.
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Proof.
Choose the Lyapunov function as the following
V=a,W'W +a,s"s +ay J- (sTQs + tTRt,)dt (50)
t
where a,, a,, a; are positive constants
V= —2a1VT/TVI7 + 2a,sT <f(s) + gT( 97tg4(F + d)) + gq(F + d))
—as(sTQs + t'R1,)
= =2a,WTW + 2a,sT(f(s) + g,7,) + 2a,s" gud — a3(s"Qs + t7Rt,) (51)
with d =d — d.
Because d converges to zero thanks to the disturbance observer (48) and
TQs + 17 RT, = Anin (Q)IsII? + Apin (R) II7, II? (52)
the following inequality is obtained
V< =20, W'W + 2a,5" (£ (5) + g:70) + a2 Isl1* = azdmin (@IsII? = azAmin (R)I7, 17 (53)
Case 1. WhensT (f(s) + g.1o) > 0, then W = W, + Wy
~ A ~ 0 N 1
WT™W = —WT< @76 112 (6™W +sTQs +tTRT) + = 5 %2 ®,g,R 1 g! )
wTse™w wrs a
4 TCD R—l T 54
"G T GTa e T2 W PGk ges 4)
(55)

O'TO'+1||

with ey, = 6TW* + sTQs + TRt

According to Young inequality
WTs G
NG TSV P 1”
WTe6TW 6
N 112
(56)

L G676+ 12

Therefore:
PN 2
PO aq [ ~ 112 al
i< = ||
Hamaral 191+ 5 It
Subsequently, because f(s) is Lipschitz continuous, Elk > 0:5Tf(s) < k||s||2
N

WTq)sg‘rR grs

(57)

Then
T(F(5) + g:7.) < KlslE — 3 sTg, R gT T
Substituting Equations 56-57 into Equation 53
G 2 ~12 ey 2 5
W + asen || zmzg ||+ @+ Dalisl (58)
- (a1a2W + aZW )q)ngR_lg‘Z:S - aSAmin(Q)“SHZ - a3lmm(R)“To”2

676 + 1|
(59)

V<-aa
2
| + 2k + DaylIsl? — a,WTd,g,R 1 gT

eH |
6T6+1

Leta, = a;ay:
2
| 1] + @,

1
6T +1
a3 donin (QNSII? = @3 (R)IITo I
H g 2 2
17| + are |z || + @k + Dazlisli = asdmin(@lls]
! (60)

Let kmax = WT;'IlwaX q)S maxgr thlXR g‘[ max
2

il
6T6 +1 G
ak a,
a3 Amin (ROIIT 12 + =525 4 2 52

V<-—aqa

V S _alal
3
asr = (2 +3) @ = @32 (@)
2K ax

2

o
676 + 1” ’
e
7511l
(61)

Let
Ay = —aQ1aq
3 Amin(R), Qo1 = aya,

ar; = —

Equation 60 can be rewritten:
V< ay W) + aslisli? + au It l12 + s
Let X = [W;s; 7,], we have:
V < ax |IX]I? (62)

if the following conditions are satisfied
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(63)
H 2= ’ -

4k + 3
3 = 24min (@)

/ H 12 =
with ay; < max{ayq,as, a1} <0

Case 2. When f(s) + g,7, < 0, then W= VT/C
From Equation 56, we have

53 oy %2, 02 = 414

a
w|I° =

PO aq —
—_WTw < - 2% —” N | I 64
3 ezl 1717+ 3 |55l ©9
Since sT(f(s) + g.7,) < 0, there exists k; > 0 that sT(f(s) + g.7,) < —kslIslI?
Therefore
. 6 5
V< —aoy m| ”W” +aaq ||ATA7+1|| 3Amin (R) |7, |l (65)
+ (az — 2a3ks —az mm(Q))”SHZ
2 2
Choose  ay, = —a;a; ”m” yAsp = (az — 2azk; — aBAmin(Q))!aTZ = —a3dnin(R), ae; = 14 | %” . Eq.
(65) can be rewritten:
. — 12
V < ay||[W]|" + aszlisl? + aglltoll? + ae, (66)
If
- zazk
> 7(1 ,dy = 4
(67)
(= / Asli? = / Aizoll? = /
Then
V= aX2”X"2 (68)

with ay, < max{ay,, as;, a5} < 0.
According Equation 63 and Equation 68 the closed-loop system is UUB.

4. Simulation Result
In this section, the comparison among the proposed controller (OADP), the online actor-critic algorithm-based

controller (AC), and the sliding mode controller (SMC) will be carried out.

In the first scenario, the USV will track the desired trajectory without external and unknown disturbances to compare
the cost functions of the controllers. In the second one, the external and unknown disturbances will be provided to show the
advantages of the disturbance estimator.

The reference trajectory of the USV is provided as follows:
xq = 2sin(0.1t)
vq = 1.5 — 1.5 cos(0.1t)
Yg =0.02¢t
The USV’s parameters are set as same as Skjetne, et al. [28] in Table 1.

Table 1.
USV’s parameters.
Parameters Value Parameters Value
m (Kg) 23.8 Y, -0.8612
1, (kg.m?) 1.76 Yoo -36.2823
xg (M) 0.046 Y -8.05
X -2.0 Y, 0.1079
Y, -10.0 Y -0.845
Y: 0 Y, -3.45
N, 0 N, 0.1052
N; -1 N,y 5.0437
X, -0.7225 N, 0.13
Xuu -1.3274 N, -1.9
Xoyuu -5.8664 N, 0.08
N, -0.75
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The matrices for the performance index J = %fow eT"Qe + TRt are Q = I3, R = I;. The activation function of the

proposed controller is chosen as ®(s) = [s?,s%,s2]7. The estimated weight vector is initialized as W =
[300 300 30].

The actor-critic algorithm is designed as Vamvoudakis and Lewis [12]. The activation vector and control parameters of
the actor — critic algorithm are initialized as: o = [s2, 52,52, 5,5;, 553, 535:17, W, = W, = [1,1,1,1,1,1]7

The control input of the sliding mode controller is implemented as Cheng, et al. [29]: W = diag([0.2,0.2,0.1]), W =
diag([0.1,0.1,0.1]).

Moreover, the maximum values of the control inputs are set as 71 ;max = Tomax = 20N, T3pmer = 10 Nm.

Case 1: Simulation in the environment without disturbances

The trajectory of the USV is shown in the Figure 2 with each controller. The results show that the proposed controller
tracks the reference trajectory more quickly and accurately than the other controllers.

35
AC SMC  —OADP  — reference
3
2:5
2
5%
1
0.5
0
s 25
X (m)
Figure 2.

Circle trajectory without unknown disturbance.

The plot of trajectory errors is shown in Figure 3 that the proposed controller reduces the tracking error to nearly zero
within approximately three seconds while the SMC takes 8s and the AC controller takes approximately 18s.

1T
% SMC ~+AC —OADP

| |

ey (m)
iy

4
-2
1
505 o
”}(i.g J/
o 4
15
0 10 20 30 40 50 60
Time (s)
Figure 3.

Circle trajectory errors without unknown disturbance.

The control inputs T = [14,7,,73]" of each controller are presented in the Figure 4. The proposed controller provides a
smoother and more effective control signal, making it suitable for actuator operation. In contrast, the online AC algorithm-
based controller exhibits high-frequency oscillations during the first second, while the SMC controller suffers from
chattering throughout the control process, which makes them less suitable for actuator implementation.
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- SMC --AC - -OADP
I

|

1

Zj { - S— - e oy o s o o e -
& -4 ::
a1z
0 10 20 30 40 50 60
Time (s)
Figure 4.

Control signals without unknown disturbance.

Figure 5 shows that the proposed controller is the most cost-effective, requiring only 6.25% of the cost compared to the
SMC.

30

[
n
— U
N
N
\

200 s
8 10 12 14 .
£ i - -SMC
i et
= i AC
: A
25 )
. \ —0)
it L \ OADP
“\
5 \
\
e '\ —
0
0 95 5 75 10 12.5 15
Time (- 10%)
Figure 5.

Performance index.

The estimated weights of proposed controller are shown in Figure 6. The neural network weights converge to their
optimal values after around 3 seconds.
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—WI1

260 +

240

300.46 +
—W2

300.14 +

299.82

2995
30.5 1

30
29.5 T+ l

29 t t t t
0 10 20 30 40 50 60

Time (s)

—W3

Figure 6.
Estimated weights.

Case 2: Simulation in the case of the external and unknown disturbances
d, = 2.6 + 45sin(0.02t) + 3sin(0.1t)

The disturbances are provided as: { d,, = —1.8 + 4 sin (0.0Zt — g) + 3sin(0.3t)

dy = —25in(0.09t + n/3) — 85sin(0.01¢)
The disturbances estimation is shown in the Figure 7. The proposed disturbance observer tracks the disturbance after
five seconds.

T (N)

.5 - -real —estimate

Tgy (N)
N

dy (Nm)
)
= B S S SOy
i 2!
J |

Time (s)

Figure 7.
Disturbance estimation.

The trajectory of the USV with external and unknown disturbances is shown in Figure 8. By effectively estimating
disturbances, the proposed controller accurately tracks the reference trajectory, whereas the SMC controller exhibits
significant errors and fails to follow the trajectory. The AC controller follows the reference trajectory in the first half of the
cycle, but under the influence of unknown disturbances, the tracking error increases quite significantly in the last half of the
cycle.
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Figure 8.
Circle trajectory.

5. Conclusions

In this paper, the trajectory tracking problem under external unknown disturbances is addressed by employing the
Online Adaptive Dynamic Programming (OADP) algorithm and integrating a discrete disturbance observer.

The simulation results demonstrate that the proposed control system achieves improved energy optimization and
trajectory tracking performance in comparison with sliding mode controller and online actor-critic algorithm-based
controller.

The proposed controller sufficiently eliminates the chattering phenomenon associated with sliding mode control while
significantly reducing computation time therefore improving the performance compared to the online actor-critic algorithm
approach.

Future research will focus on extending the proposed method to control the multi-USV systems.
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